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Abstract. We give an example of a finitely generated prime ideal p in a domain D with
the ascending chain condition on principal ideals, such that p is minimal over a (nonzero)
principal ideal and satisfies (),—; p" = 0 but such that htp > 1.
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INTRODUCTION

Let D be an integral domain (with 1). It is known that if p is a finitely generated
prime ideal of D such that htp = 1, then 72, p” = 0 (indeed this follows from the
Krull intersection theorem since the localization Dy of D with respect to p is then a
Noetherian local domain). D.D. Anderson et al. ask in [1] whether conversely, if p
is a finitely generated prime ideal of D which satisfies 72, p” = 0 and moreover is
minimal over a (nonzero) principal ideal, then does htp = 1. We show in this paper
that the answer turns out to be negative. Of course, removing the hypothesis that p is
minimal over a principal ideal, the Krull intersection theorem again implies that any
prime ideal p of a Noetherian domain such that htp > 1 would give a counterexample.
As it is, we want an example in a necessarily non-Noetherian domain that does not
satisfy the conclusion of the principal ideal theorem. According to V.Barucci et al. [3,
proposition 3.4] a Mori domain (i.e. a domain with the ascending chain condition on
divisorial ideals) also satisfies the principal ideal theorem for the prime ideals of finite
type. However, we produce a counterexample in a domain D which is “not too far
from being Noetherian”, in the sense that it satisfies the ascending chain condition
on principal ideals (for short D is said to have ACCP).



In proposition 1 we show how to produce counterexamples via a pullback construc-
tion which allows “gluing” two maximal ideals of a domain R, each one satisfying some
of the requirements. We then show how to obtain such a domain which in addition
has ACCP, by considering the ring Ry of integer-valued polynomials on some subset
H of the ring of p-adic integers (lemma 2 and proposition 3). For the sake of com-
pleteness we then prove in lemma 4 that the ascending chain condition on principal
ideals is preserved under the pullback construction.

Terminology is standard as in [9]; we use “C” to denote proper containment.

PROPOSITION 1 Let R be a domain with two maximal ideals m and n such that
(i) m and n are finitely generated;
(ii) htn =1,
(iii) htm > 1 and m is minimal over a principal ideal Rx, where x € n;
(iv) R/m and R/n are finite extensions of a field k.

Let p =mNn and D be the pullback of the following diagram,

D — k
! |
R — R/p

(thus D is the inverse image of k under the natural map R — R/p ~ R/m x R/n).
Then p is a finitely generated maximal ideal of D, N7~ p" =0, x € D, p is minimal
over Dz and htp > 1.

Proof. The rings R and D share the ideal p [4]. Clearly p is a maximal ideal in
D (since D/p ~ k) and it is a finitely generated ideal in R, since p = m Nn = mn.
Moreover (iv) says that R/p is finitely generated as a module over D/p ~ k and
therefore R is a finitely generated D-module [4, lemme 1], whence p is also a finitely
generated ideal in D. Obviously N2, p" = 0, since htn = 1 and thus N;2; n" = 0.
Clearly x € p = mNn. Now p is minimal over Dz, because if not, there would be a
prime ¢ in D, containing x, and a chain (0) C q C p; this chain would lift in R [4,
proposition 4], necessarily as (0) C ' C m, since htn = 1, but then m would not be
minimal over Rz. Finally, htp > 1, since htm > 1 [4, proposition 5]. ©

It is easy to give an example of a domain R with two maximal ideals satisfying
all the hypotheses of proposition 1, for instance by considering a semi-local Priifer
domain which is the intersection of two discrete incomparable valuation domains, one
of rank 1, the other of rank 2. Our next step is to produce an example which also
has ACCP.

We denote by Int() the ring of integer-valued polynomials. We let p be a prime
number, O, be the ring of p-adic integers (i.e. the completion of with respect to the
p-adic topology) and ,, be its quotient ring. We recall that integer-valued polynomials
are continuous functions from O, to O, [7] [8]; thus if H is a subset of O,,, the ring
Ry ={f€,X]| f(H) CO,} contains Int(). We note also that Ry clearly contains
the localization , of with respect to p.



LEMMA 2 Let H be a subset of O, and Ry = {f € ,[X]| | f(H) C O,}; if the
cardinality of H is infinite, then Ry has ACCP.

Proof. This is [2, theorem 7.5]: indeed Ry is such that ,[X] C Ry C , + X[X], and
» has ACCP. Hence we are left to prove that, for any n > 0, there exists a non-zero
element 7, € , such that r,f € ,[X] for all f € Ry with degf < n. Since H is
infinite, there are distinct elements ag, ay,...,a, in H. If f € Ry, then f(a;) € O,,
for 0 <1 < n. If degf = n, we may consider these n + 1 conditions as a system
of n + 1 linear equations, whose unknowns are the coefficients of f. Its determinant
is the Vandermonde determinant s, = [];;(a; — a;); hence, for any coefficient o of
[, spa € O,. Denoting by v the p-adic valuation, we thus have v(«) + v(s,) > 0.
Therefore, if r,, € , is such that v(r,) > v(s,), we get r,a € O, N =,. ©

Our next proposition shows how to meet the requirements of proposition 1. We
note first that, since Ry contains ,, its non-zero prime ideals are of the two following
types:

(i) the primes above 0: they are in one-one correspondence with the irreducible
polynomials with coefficients in ; if f is such a polynomial, we write (f) for the
corresponding prime ideal, i.e. (f) = f[X]|N Ry;

(ii) the primes above p: they are in one-one correspondence with the elements of
the topological closure of H in ,; to any element « there corresponds the prime
M, = {f € Ry | fla) € pO,} (the proof is as in [5, lemma 3.2]). All these

primes are maximal.

PROPOSITION 3 Let H be a subset of O,, Ry = {f € ,[X] | f(H) CO,}, a € H
and M, ={f € Ry | f(o) € pO,}. Then

(i) if aisisolated in H (for the p-adic topology), 9, is a finitely generated maximal
ideal of the domain Ry;

(ii) if « is transcendental over , ht9, = 1;
(iii) if « is algebraic over , htO, = 2;

(iv) for any maximal ideal 9t of Ry, 9, is minimal over a principal ideal xRy,
where x € IM;

(v) for any o € H, Ry /M, =~ /p.

Proof. In analogy with the Stone-Weierstrass theorem, the ring Int() is dense in the
ring of continuous functions from O, to O, [8]. Hence, if « is isolated in H, there is
an element f € Int() € Ry such that f(a) € pO, and f(x) = 1 (mod p) for all
in H distinct from o. We can conclude that 9, = (f,p) and this proves (i): indeed
if g € M, then Vo € H, (g — gf)(x) € pO,, thus g = gf + ph, where h is such that
h(H) C O, i.e. h € Ry. If a is transcendental over , then 9, does not contain any
prime above 0, thus ht9t, = 1, proving (ii). On the contrary, if « is algebraic, it is
the root of an irreducible polynomial f, then (f) C 9, and thus ht9, = 2, proving
(iii). Since Ry is an overring of Int(), it is a Priifer domain [6]. Now, the spectrum of
a Priifer domain R being a tree, it is clear that for any pair of maximal ideals m and



n of R, m is minimal over a principal ideal Rz, where = € n; this proves (iv). Lastly
(v) is wellknown and anyway obvious. ©

Taking for instance H to be the union of pO,, with two elements a and (3 of O, in
the class of 1 (mod p), « algebraic over and [ transcendental, we thus meet all the
requirements of proposition 1, with m = 9%, and n = M (since o and [ are isolated).
Moreover, Ry has ACCP, since H is infinite [lemma 2]. Letting p = 9T, "MW and D
be the pullback as in proposition 1, the prime ideal p of D is then our counterexample.
Moreover D itself has ACCP according to our next and last lemma. Note that Ry /p
is a Noetherian /p-module and thus a fortiori satisfies the ascending chain condition
on monogenic submodules (i.e. submodules generated by a single element); for the
sake of brevity, if S is a ring, we say that an S-module M has ACCP if it satisfies
the ascending chain condition on monogenic submodules.

LEMMA 4 Let R be an ACCP domain, I an ideal of R, S a subring of the quotient
R/I and D the pullback of the following diagram.

D — S
| |
R — RJI

If R is an ACCP domain and R/I is an ACCP S-module, then D is an ACCP domain.

Proof. Consider an ascending chain Dx; C ... C Dx, € Dx,.; C ... of principal
ideals. Since R has ACCP, there is an integer m such that, for n > m, Rx,, = Rx,,
thus D C D(z,/x,,) C R. But since R/I is an ACCP S-module (and since S ~ D/I),
there is an integer m’ > m such that, for n > m/, D(z,/x,) = D(xm/x,) or
equivalently Dx,, = Dx,,,. ¢
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