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Introduction

Throughout this paper R is a commutative ring with a unit element. We de-
note by R[n] the ring of polynomials in n indeterminates on R (but rather by
R[X] the ring in one indeterminate), by dimR the Krull dimension of R and
by dimvR its valuative dimension, i.e. the limit of the sequence (dimR[n]−n)
and we emphasize that R need not be a domain with such a definition. If
p is a prime ideal of R, we denote by htp the height of p and by p[n] the
extension of p in R[n] (i.e. the set of polynomials with coefficients in p).
As in [5] we let the valuative height of p, denoted by htvp, be the valuative
dimension of the localization Rp. Letting S be the multiplicative set in R[n]
formed by the polynomials whose coefficients generate R, we recall that the
localization R(n) = S−1R[n] is called the Nagata ring on R with n indeter-
minates on R. The extension p[n] of every prime p of R lifts in R(n) and
we denote by p(n) the corresponding extension p(n) = S−1p[n] of p. We
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let R(0) be the ring R and R(∞) the union R(∞) =
⋃

n R(n), we say that
R(∞) is the infinite Nagata ring on R. If P is a prime ideal of R[n], R(n)
or R(∞) and p = P ∩R, we say that P is above p.

The first section is mostly devoted to easy (and sometimes well-known)
considerations on the spectrum of R(n) and R(∞). Recalling that the Krull
dimension of R(∞) is the valuative dimension of R, as proved for a domain
by D.E. Dobbs, M. Fontana and S. Kabbaj in [12, corollary 2.5], we prove
here similarly that, for any prime p of R, the valuative height of p is the
height of p(∞). We also establish that any prime of finite height in R(∞)
is the extension of a prime of R(n), for n large enough, and that it is an
extension of a prime of R if and only if R is quasi-prüferian (as introduced
in [6]).

The second section is devoted to various properties of the rings R(n).
Recall that a finite dimensional ring R is said to be Jaffard if dimR[n] =
dimR + n, for all n [2], or equivalently dimR = dimvR, residually Jaffard if
the quotient of R by any prime p is Jaffard, locally Jaffard if the localization
of R at any prime p is Jaffard and lastly totally Jaffard if any quotient of
any localization (equivalently any localization of any quotient) is Jaffard [11].
We may note that these last two definitions make sense if R is only supposed
to be locally finite dimensional. Recall also that R is said to be a strong
S-ring if, for any pair p ⊂ q of consecutive primes in R, then p[X] ⊂ q[X] are
consecutive in R[X]. If R is a strong S-ring, R[X] need not be so [18]; a ring
R such that R[n] is a strong S-ring for any n is said to be a stably strong
S-ring. A stably strong S-ring is totally Jaffard and totally Jaffard rings
are strong S-rings [11, introduction]. We first characterize these various
properties in terms of Nagata rings. Then we prove that, if s = dimvR is
finite, then R(n) is locally Jaffard for n ≥ s−1, and above all that, if R(∞)
is locally finite dimensional, then it is a stably strong S-ring.

In the third and last section we define the ring R to be valuatively cate-
narian or simply v-catenarian if R(∞) is locally finite dimensional and cate-
narian. We show that a v-catenarian strong S-ring is totally Jaffard and
catenarian. We give however an example of a totally Jaffard catenarian ring
which is not v-catenarian and also of a v-catenarian ring which is not cate-
narian. We show also that R(1) may be catenarian whereas R(2) is not.
Many examples use gluing techniques with which we assume the reader to
be familiar.

Terminology is standard as in [13]; we use “⊂” to denote proper con-
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tainment. Transcendence degrees play an important role in the examples; if
A ⊆ B are two domains we denote by d.t.[A : B] the transcendence degree
of the field of fractions of B over the field of fractions of A.

1 Valuative heights and quasi-prüferians rings

Recall first that, for any integers n and m, R(m + n) = R(m)(n), and for
any prime p of R, p(m+n) = p(m)(n) [1, lemma p.138]; similarly, for any n,
R(∞) = R(n)(∞), and p(∞) = p(n)(∞). Recall also that a prime ideal
of R[n] lifts in R(n) if and only if it is contained in the extension m[n] of
some maximal ideal m of R ; in particular the maximal ideals of R(n) are
the extensions of maximal ideals of R and R(n) is quasi-local (with maximal
ideal m(n)) if and only if R is quasi-local (with maximal ideal m). It may
be worth noticing that, contrarily to polynomial rings, (R(n))p is in general
distinct from Rp(n). Indeed any prime above p in R(n) lifts in (R(n))p
whereas p(n) is the only prime above p which lifts in Rp(n). In fact it is
clear that Rp(n) is the localization of R(n) with respect to the prime ideal
p(n), hence a localization of (R(n))p. As already shown by D.E. Dobbs
at al in the particular case of a domain in [12, corollary 2.5], dimR(∞) =
SupndimR(n) = dimvR, since dimR(n) = dimR[n] − n [2, proposition
1.21]. Similarly, for any prime p of R, htvp = dimvRp = dimRp(∞). But
dimRp(∞) = htp(∞), since Rp(∞) is the localization of R(∞) with respect
to the prime p(∞). We may summarize these equalities in the following
proposition:

Proposition 1.1 (i) dimvR = dimR(∞),

(ii) for any prime p of R, htvp = htp(∞).

This proposition makes sense even if the dimensions (or heights) involved
are infinite (for example dimR(∞) is infinite if and only if dimvR is infinite).

Our next result is analogous to the special chain theorem [9, Theorem 1]
according which, if P is a prime of R[n] above p, htP = htp[n] +ht(P/p[n])
(the formulation of this theorem is often different but equivalent):
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Proposition 1.2 (i) let P be a prime of R(n) above p, then

htP = htp(n) + ht(P/p(n)),

(ii) let P be a prime of R(∞) above p, then

htP = Supnht(P∩R(n)) = htp(∞)+ht(P/p(∞)) = htvp+ht(P/p(∞)).

Proof. The first assertion is immediate from the special chain theorem,
since R(n) is a localization of R[n]. For the second, letting Pn be the
intersection Pn = P∩R(n), we then have htP = SupnhtPn, since R(∞) is
the union of the rings R(n) and any chain of primes of R(n) lifts in R(∞)
(taking the extension of each prime of the chain) [12, lemma 2.1], [7, VIII,
Exercise 11, p.82]. Similarly htp(∞) = Supnhtp(n) and ht(P/p(∞)) =
Supnht(Pn/p(n)) �

Maximal ideals of R(∞) being extensions of ideals of R, we derive easily
that the valuative height of any prime of R is finite if and only if R(∞) is
locally finite dimensional; under these conditions we say that R is locally
v-finite dimensional; this is for instance clearly the case if R is Noetherian.
The main result of this section is that, if R(∞) is locally finite dimensional,
then every prime ideal of R(∞) is the extension of a prime ideal of R(n), for
n large. Since any prime of R(∞) is then the localization of a prime of finite
height of R[∞] (the ring of polynomials in infinitely many indeterminates),
this is a direct consequence of the following:

Theorem 1.3 Let P be a prime of finite height in R[∞] and Pn be the
intersection Pn = P ∩ R[n]. Then there exists an integer k such that, for
n ≥ k,

(i) Pn+1 is the extension of Pn to R[n + 1],

(ii) P is the extension of Pn to R[∞].

Proof. For the first assertion, If the extension Pn[1] of Pn to R[n + 1] =
R[n][1] is such that Pn[1] ⊂ Pn+1, then htPn+1 > htPn, since any chain of
R[n] lifts in R[n + 1] (taking the extension of each prime of the chain). If
the set of integers such that Pn[1] ⊂ Pn+1 were infinite, so would be htP,
contrary to the hypothesis. The second assertion follows immediately, since
P =

⋃
n Pn �

The integer k of the previous theorem depends on the prime P, for
instance k = 0 if and only if P is the extension of a prime ideal of R.
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According to the next example, this integer may be arbitrarily large, even
if the valuative dimension of R is finite:

Example 1.4 Let R = F [X, Y ], where F is a field. R is a Noetherian
unique factorization domain of valuative dimension 2. In the ring R[n] =
R[T1, . . . , Tn], the polynomial f = XTn−Y is irreducible, hence the princi-
pal ideal (f) is prime (note that this ideal is contained in the extension m[n]
of the maximal ideal m = (X, Y ), hence lifts as a non-zero prime ideal of
R(n)). Letting P be the extension of (f) to R[∞], then Pn = (f) whereas
Pn−1 = (0), since (f)∩R[n−1] = (0). In conclusion Pn is not the extension
of Pn−1.

Many properties of the ring R transfer well to the Nagata rings R(n) and
R(∞). For instance if R is Noetherian we derive easily from the previous
theorem that the primes of finite height in R[∞] are finitely generated, thus
that all the primes of R(∞) are finitely generated and in conclusion that
R(∞) is itself Noetherian, as in [14, theorem 6]. Along this line, recalling
that a prime ideal of R[n] lifts in R(n) if and only if it is contained in the
extension m[n] of some maximal ideal m of R, and that a quasi-prüferian
ring is a ring such that any prime ideal of R[n] contained in an extension of
a prime ideal of R is itself an extension [6], we also get easily the following:

Proposition 1.5 The following assertions are equivalent:

(i) R is quasi-prüferian,

(ii) for any n, R(n) is quasi-prüferian,

(iii) there exists an integer n such that R(n) is quasi-prüferian,

(iv) R(X) is quasi-prüferian,

(v) any prime ideal of R(∞) is the extension of a prime ideal of R,

(vi) R(∞) is quasi-prüferian.

Proof. To say that R is quasi-prüferian means that any prime ideal of R(n)
(for any n, some n ore equivalently for n = 1) is the extension of a prime
of R [6, proposition 1.5], but then, for every integer m, any prime ideal of
R(n)(m) = R(n + m) is an extension of a prime of R(n) and thus R(n) is
quasi-prüferian. Hence (i) implies (ii), (iii) and (iv), which are equivalent.
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Supposing (ii), let P be a prime ideal of R(∞) above p; then, for any n,
P∩R(n) = p(n), thus p = p(∞), since P =

⋃
n(P∩R(n)), hence (ii) implies

(v). Since R(∞)(m) is isomorphic to R(∞), (v) implies that any prime of
R(∞)(m) is the extension of a prime of R(∞) thus of a prime of R, and hence
that R(∞) is quasi-prüferian. Lastly, supposing that R(n) is quasi-prüferian
(where n is an integer or n = ∞), let P ⊂ q[X] in R[X] (where q is a prime
of R), then P(n) ⊂ q(n)[X] in R(n)[X], hence P(n) is the extension p′[X], of
a prime ideal p′ of R(n) and therefore P = R[X]∩p′[X] = (R∩p′)[X] is the
extension of the prime p = R ∩ p′, and R is quasi-prüferian [6, proposition
1.5] �

A quasi-prüferian domain being Prüfer if and only if it is integrally closed,
we recover immediately that R is a Prüfer domain if and only if this is the
case of R(X), R(n) or R(∞) [6, theorem 33.4].

In fact the Nagata rings turn out to have some properties that the ground
ring do not have to start with, for instance if R is a Prüfer domain, the
Nagata rings are Bezout domains [1, theorem 2] (whereas a Prüfer domains
need not always be Bezout). In the next section we establish such properties
of the Nagata rings.

2 Jaffard rings and strong S-rings

We first characterize Jaffard properties in terms of Nagata rings. Next result
is easily derived from S. Kabbaj’s [16, Lemma 1.4]; considering a pair p ⊂ q

of primes of R, we let q/p be the prime ideal of R/p, quotient of q by
p; we note that R/p(∞) is isomorphic to R(∞)/p(∞) and that (q/p)(∞)
corresponds to q(∞)/p(∞) under this isomorphism.

Proposition 2.1 Let R be locally finite dimensional,

(i) R is Jaffard if and only if dimR = dimR(∞),

(ii) R is locally Jaffard if and only if, for any prime p of R, htp = htvp =
htp(∞),

(iii) R is totally Jaffard if and only if, for any pair p ⊂ q of primes of R,
ht(q/p) = htv(q/p) = ht(q(∞)/p(∞)).

We can also characterize strong S-ring in terms of Nagata rings:
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Proposition 2.2 The ring R is a strong S-ring if and only if, for any pair
p ⊂ q of consecutive primes of R, any one of the following assertions holds:

(i) p(1) ⊂ q(1) are consecutive in R(1),

(ii) there exists an integer n ≥ 1 such that p(n) ⊂ q(n) are consecutive in
R(n),

(iii) for all n ≥ 1, p(n) ⊂ q(n) are consecutive in R(n),

(iv) p(∞) ⊂ q(∞) are consecutive in R(∞).

Proof. Localizing at q and taking the quotient by p we may assume that
R is a dimension 1 quasi-local domain, with maximal ideal q and that p =
(0). Therefore the result follows easily from the fact that a one dimensional
ring is a strong S-ring if and only if it is Jaffard (equivalently dimR(n) =
dimR(∞) = 1 or htq(n) = htq(∞) = 1) [2, theorem 1.10] �

In a previous paper we had shown that, if the valuative dimension of
R is finite, then R[n] is locally Jaffard for n ≥ dimvR − 1 [11, proposition
1]. Since R(n) is a localization of R[n], our next result is an immediate
consequence:

Proposition 2.3 Let n be such that n ≥ dimvR − 1, then R(n) is locally
Jaffard.

We show next that R(n) is totally Jaffard for n large if and only if it is a
strong S-ring. First we set a slight improvement of S. Kabbaj’s [17, theorem
2], according which, if R(n) is a strong S-domain for all n, then R is Jaffard.

Lemma 2.4 Let R be locally v-finite dimensional such that one of the fol-
lowing hypotheses is satisfied:

(i) R(n) is a strong S-ring for all n,

(ii) dimvR = s and R,R(1), . . . , R(s− 2) are strong S-rings,

(iii) dimvR = s and R[n] is a strong S-ring for some n ≥ s− 2,

then R is totally Jaffard.
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Proof. For any pair of primes p ⊂ q of R, we want to show that T =
Rq/pRq is Jaffard, i.e. that dimT (n + 1) = dimT (n), for all n. If R(n) is
a strong S-ring, so is T (n), because strong S-rings are stable under quotient
and localization. Thus dimT (n)[1] = dimT (n) + 1, hence dimT (n + 1) =
dimT (n)[1]− 1 = dimT (n). This proves (i). If dimvR = s, then dimvT ≤ s,
hence T (n) is Jaffard, for n ≥ s−1 [proposition2.3], therefore dimT (n+1) =
dimT (n), for n ≥ s − 1; this proves (ii). Lastly, if R[n] is a strong S-ring,
so is R[m], for m ≤ n, and so is R(m), since strong S-rings are stable under
localization �

We derive immediately the following:

Proposition 2.5 Let R be locally v-finite dimensional and k be an integer.
The following assertions are equivalent:

(i) R(n) is a strong S-ring for n ≥ k,

(ii) R(n) is totally Jaffard for n ≥ k.

Question 2.6 Is R(n) totally Jaffard (or equivalently a strong S-ring) for
n ≥ dimvR− 1, or at least for n large?

The next proposition is a partial answer:

Proposition 2.7 If dimvR = s ≤ 2, then, for n ≥ s − 1, R(n) is totally
Jaffard.

Proof. For any prime p of R, dimvR/p ≤ 2. For n ≥ s − 1, (R/p)(n) is
then a locally Jaffard domain [proposition 2.3] such that dim(R/p)(n) ≤ 2,
hence it is totally Jaffard [11, corollaire 1, p.128]. So is R(n)/P, for any
prime P of R(n), since P is above some p of R, hence R(n)/P is a quotient
of (R/p)(n) �

From propositions 2.5 and 2.7, we derive immediately the following:

Corollary 2.8 If dimR ≤ 2, the following assertions are equivalent:

(i) R is totally Jaffard,

(ii) R(n) is a strong S-ring for all n.
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Remarks 2.9 (i) If dimR = 0,the assertions of the previous corollary are
always satisfied. If dimR = 1, one may easily conclude from [2, theorem
1.10] that they are also equivalent to (iii) “R is Jaffard” and (iv) “R is a
stably strong S-ring”. If dimR = 2 and R is a domain, these assertions are
satisfied if and only if R is locally Jaffard; if in addition R is quasi-local they
are even satisfied if and only if R is Jaffard, i.e. dimvR = 2 [11, proposition
2 & corollaire 1].
(ii) If dimR = d, d ≥ 2, R may be a strong S-ring but not Jaffard [11,
example 3]. If d ≥ 3, R may be totally Jaffard but not a strong S-ring [11,
example 8].
(iii) If R is a stably strong S-ring then R(n) is clearly a strong S-ring for all
n. The converse does not hold: [5, example 5.3] is a dimension 2, quasi-local
and totally Jaffard domain which is not a stably strong S-ring; according to
the previous corollary, R(n) is a strong S-ring for all n.
(iv) The ring R is a stably strong S-ring if and only if R[n] is totally Jaffard
for all n; similarly it results from [proposition 2.5] that R(n) is a strong
S-ring for all n if and only if R(n) is totally Jaffard for all n.
(v) Contrary to polynomials, it may be that R(n) is a strong S-ring but
R(m) is not for m < n. Indeed, if dimR = 1 and dimvR = 2, then R is not
a strong S-ring [2, theorem 1.10], but, for n ≥ 1, R(n) is a strong S-ring
[proposition 2.7].

It is an open question whether R[X, Y ] is a strong S-ring when this is
the case for R[X]. Similarly we ask:

Question 2.10 If R(1) is a strong S-ring, is R(2) also a strong S-ring?

D.E. Dobbs et al. have shown that the Nagata ring R(∞) over a finite
dimensional Jaffard domain R is itself a Jaffard domain [12, corollary 2.5].
We close this section with a significant improvement: if R(∞) is only sup-
posed to be locally finite dimensional, then it is a stably strong S-ring. Note
however that R[∞] is not in general a strong S-ring: A. Bouvier et al. [8,
proposition 2.1] gave an example where R[∞] has an homomorphic image
which is not an S-domain; we may however emphasize that the kernel of
this homomorphism is a prime of infinite height, whereas for prime ideals of
finite height, we first prove the following:

Lemma 2.11 Let P ⊂ Q be consecutive primes of finite height in R[∞];
then P[1] ⊂ Q[1] are consecutive in R[∞][1].
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Proof. From [theorem 1.3], there is an integer k such that P and Q are
extensions of primes of R[k]. Replacing R by R[k], since R[∞] and R[∞][k]
are clearly isomorphic, we may thus consider that P = p(∞) and Q = q[∞],
where P and Q are respectively above the primes p and q of R. The infinite
polynomial ring R[∞] is the set theoretic union of the rings R[n] and R[∞][1]
the set theoretic union of the rings R[n][1]; thus R[∞][1] is isomorphic to
R[∞] since R[n][1] is isomorphic to R[n + 1]. Similarly P = p(∞) and
Q = q[∞] are respectively the union of the primes p[n] and q[n], whereas
P[1] and Q[1] are respectively the union of the primes p[n][1] and q[n][1],
thus P[1] and Q[1] correspond to the primes P and Q under the isomorphism
of R[∞][1] with R[∞] �

Since R(∞)[m] is a localisation of R[∞][m], which is isomorphic to R[∞],
two consecutive primes of R(∞)[m] correspond to consecutive primes of
finite height in R[∞]; thus we get:

Theorem 2.12 If R is locally v-finite dimensional, then R(∞) is a stably
strong S-ring.

Corollary 2.13 If R is locally v-finite dimensional, then R(∞) is totally
Jaffard.

3 Valuative catenarity

If P is a prime of R(∞) above p then it contains p(∞) and is contained in the
extension m(∞) of a maximal ideal m, hence a locally v-finite dimensional
ring R is catenarian if and only if, for any pair of primes p ⊂ q of R, all
the saturated chains of primes between p(∞) and q(∞) have same length in
R(∞); under such conditions we say that R is v-catenarian.

We note that this property is clearly stable under quotient and localiza-
tion. It also follows immediately from the fact that R(n + m) is isomorphic
to R(n)(m) and R(n)(∞) to R(∞) that R is v-catenarian if and only if R(n)
is v-catenarian for some integer n or equivalently fo all n.

Next proposition links the catenarity and the v-catenarity of R:

Proposition 3.1 Let R be a locally finite dimensional strong S-ring.

(i) If R(n) is catenarian for some integer n, then R is catenarian.

(ii) If R is v-catenarian then R is catenarian and totally Jaffard.
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Proof. Let p ⊂ q be a pair of prime ideals of R, and p ⊂ p1 ⊂ . . . ⊂ ph = q

a saturated chain of primes between them. The length of this chain is h.
Letting n be an integer or n = ∞, the chain p(n) ⊂ p1(n) ⊂ . . . ⊂ ph(n) =
q(n) is saturated in R(n), since R is a strong S-ring [proposition 2.2]. And
since R(n) is supposed to be catenarian, h is therefore the length of any
saturated chain between p(n) and q(n), thus R is catenarian. In the case of
n = ∞, we get h = ht(q(∞)/p(∞)) = htv(q/p) = ht(q/p), thus R is totally
Jaffard [proposition 2.1] �

According to the next example, a catenarian strong S-ring need not be
v-catenarian

Example 3.2 Let R be a dimension 2 strong S-domain which is not Jaf-
fard [11, example 3], R is catenarian but not v-catenarian [proposition3.1(ii)].
Moreover R (which can be taken to be quasi-local) is such that R(1) is cate-
narian (because it is dimension 2) whereas, for n ≥ 2, R(n) is not (indeed, if
m is the maximal ideal of R and (0) ⊂ p ⊂ m is a saturated chain in R, then
(0) ⊂ p(n) ⊂ m(n) is a saturated chain in R(n) [proposition2.2] whereas the
height of m(n) is greater than 2). However it is worth noticing that there
are no known examples such that R[1] is catenarian and R[2] is not.

We now give more examples of domains which are catenarian and not
v-catenarian or conversely, more precisely of a catenarian and totally Jaf-
fard domain which is not v-catenarian and of a locally Jaffard v-catenarian
domain which is not catenarian. We note that in both cases we do need the
dimension to be at least 3 (if R is Jaffard and of lesser dimension, then R
and R(∞) are always catenarian). The last example provides also a locally
Jaffard v-catenarian domain which is not a strong S-ring [proposition3.1]
whereas a locally Jaffard catenarian domain is always totally Jaffard [11,
proposition 2 & corollaire 2] (hence a strong S-ring).

Both examples use gluing techniques as in [11]: we let K be a field
and B a K-algebra which is a locally Jaffard semi-local domain with two
maximal ideals m and n, respectively of height m and n (this algebra may
be a Noetherian domain [11, example A, p.134]). Then we let I = m ∩ n

and R = K + I. Thus R is a quasi-local domain, with maximal ideal I and
dimR = Sup(m,n). There are two saturated chains of primes between (0)
and I, one is of length m, the other of length n, hence according to the
values given to these two integers, R is or is not catenarian.

Example 3.3 A dimension 3 catenarian and totally Jaffard domain, which
is not v-catenarian.
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We let m = 1, n = 3, d.t.[B/m : K] = 1 and d.t.[B/n : K] = 0.
In this case R is catenarian, dimension 3 and locally Jaffard [11, corollary 2,
p.131], thus totally Jaffard [11, corollary 1, p.128]. However we prove R(n)
not to be catenarian, for n ≥ 1 or n = ∞:
We consider an element α such that α ∈ n and the class α of α is transcendent
over K (this is possible because m + n = B). We then consider the prime
ideal Pα = (αT1 − 1) ∩ R[n] in R[n]. It is an height 1 prime contained in
I[n] [10, proof of lemma 6]. We claim that Pα ⊂ I[n] are consecutive in
R[n]. Indeed, since Pα does not contain I, there is only one prime lifting
it in B[n] [10, proposition 0] and this is P′

α = (αT1 − 1) ∩ B[n]. Thus,
if there were a chain (0) ⊂ Pα ⊂ Q ⊂ I[n], this chain would lift in B[n]
as (0) ⊂ P′

α ⊂ Q′ ⊂ M [10, proposition 4]. Therefore htM ≥ 3 and
M would contain the polynomial f = αT1 − 1, thus could not contain n

and would then be above m. Both primes m[n] and M would be above
the prime I[n] of R[n]; however d.t.[(B[n]/m[n]) : (R[n]/I[n])] = 1, thus
ht(M/m[n]) = 1 [10, lemma 7]. On the other hand htm[n] = 1 and this
implies htM = htm[n]+ht(M/m[n]) = 2, from the special chain theorem [9,
theorem 1], a contradiction.

Example 3.4 A dimension 3 v-catenarian and locally Jaffard domain which
is not catenarian.
We let m = 2, n = 3, d.t.[B/m : K] = 1 and d.t.[B/n : K] = 0. We suppose
moreover that B is universally catenarian (this is certainly the case if it is
the localization of a finite K-algebra).
In this case R is not catenarian, dimension 3 and locally Jaffard [11, corollary
2, p.131]. We prove now that R is v-catenarian:
Since the longest chains in R(∞) are length 3 and necessarily between (0)
and I(∞), it is clear that R could only fail to be v-catenarian, if there
were a saturated chain of length two between them, which would come (by
localization) from a saturated chain (0) ⊂ P ⊂ I[∞] in R[∞]. The prime P

would be the extension of some prime Pn of R[n] to R[∞] [theorem 1.3] and
clearly the chain (0) ⊂ Pn ⊂ I[n] would then be saturated in R[n]. This
last chain would lift in B[n] as (0) ⊂ Q ⊂ M [10, proposition 4]. Taking
M to be minimal among the primes lifting I[n], the chain (0) ⊂ Q ⊂ M

would be saturated, hence M would be height 2 (since B is supposed to
be universally catenarian). Necessarily M would be above the prime m of
B (since n is height 3) and would be the extension M = m[n] (since m is
height 2). The rings R[n] ⊂ B[n] share the ideal I[n], m[n] is above I[n] and
d.t.[(B[n]/m[n]) : (R[n]/I[n])] = 1, therefore there would be a chain of the
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type (0) ⊂ Pn[1] ⊂ P′ ⊂ I[n + 1], in the ring R[n][1] = R[n + 1] [10, lemma
6]. Taking the extensions of each prime to R[∞], we would lastly get the
chain (0) ⊂ P ⊂ P′[∞] ⊂ I[∞] and this would bring a contradiction.

Remark 3.5 In the particular case where R is quasi-prüferian, it is clear
however that the spectra of R, R(X), R(n) and R(∞) are order isomorphic,
thus R is catenarian if and only if R(n) is catenarian for all n or equivalently,
for some n, n = 1 or n = ∞.

We finally compare the catenarity of R(∞) and R(n) for n large:

Proposition 3.6 If R is locally v-finite dimensional and if there is an in-
teger k such that R(n) is catenarian for n ≥ k, then R is v-catenarian.

Proof. To prove that R is v-catenarian, we may consider its quotients by
prime ideals hence assume it is a domain. We thus want to show that, for any
pair P ⊂ Q of consecutive primes of R(∞), we have htQ = htP + 1. From
[theorem1.3], there exists an integer n such that P and Q are extensions of
primes Pn and Qn of R(n). Taking n ≥ k, R(n) is a catenarian domain, thus
htQn = htPn + 1, since Pn and Qn are clearly consecutive. If Q is above
q, we may localize R at q, hence assume that dimvR = s is finite. Taking
n ≥ s − 1, R(n) is locally Jaffard [proposition 2.3] and the result follows
from the equalities htPn = htPn(∞) = htP and htQn = htQn(∞) = htQ
[proposition 2.1] �

In connection with question 2.6 we ask if the converse holds:

Question 3.7 Assuming R is v-catenarian, is there an integer k such that
R(n) is catenarian for n ≥ k?

Remark 3.8 (i) The answer would be positive if it were for question 2.6.
Indeed, there would be an integer k such that R(n) is a strong S-ring for n ≥
k, so if R were v-catenarian, R(n) would immediately be also v-catenarian
and thus would be catenarian for n ≥ k [proposition 3.1].
(ii) Conversely, if the answer to question 3.8 were positive and R were a
v-catenarian ring such that dimvR = s is finite, there would be an integer
k such that R(n) is a strong S-ring for n ≥ k. Indeed, considering the
quotient of R by a prime ideal, hence assuming R is a domain, there would
be an integer k such that R(n) is catenarian for n ≥ k; on the other hand
R(n) is locally Jaffard, for n ≥ ks− 1 [proposition 2.3] and a locally Jaffard
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catenarian domain is totally Jaffard hence a strong S-ring [11, corollaire 1,
p.128].
(iii) It may be that R(n) is catenarian, for all n, whereas R is not a strong
S-ring. For instance, if dimR = 1 and dimvR = 2 then R is not a strong
S-ring [2, theorem 1.10] whereas dimR(n) ≤ 2 hence R(n) is catenarian. We
note however that, for polynomials, if R[X] is catenarian then R is a strong
S-ring [8, lemma 2.3]. Thus R(n) may be catenarian, for all n, whereas R
is not universally catenarian.
(iv) If R is a noetherian domain of dimension 2 such that R[X] is not cate-
narian, as in a famous example by Nagata [19, p.205], then R is a strong
S-ring such that R(n) is catenarian, for all n, but which is not universally
catenarian.
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B.P. 12460 SANAA, République du Yemen
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